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Abstract

An extended finite element method with arbitrary interior discon-
tinuous gradients is applied to two-phase immiscible flow problems.
The discontinuity in the derivative of the velocity field is introduced
by an enrichment with an extended basis whose gradient is discontin-
uous across the interface. Therefore, the finite element approximation
can capture the discontinuities at the interface without requiring the
mesh to conform to the interface, eliminating the need for remesh-
ing. The equations for incompressible flow are solved by a fractional
step method where the advection terms are stabilized by a character-
istic Galerkin method. The phase interfaces are tracked by level set
functions which are discretized by the same finite element mesh and
are updated via a stabilized conservation law. The accuracy of the
method is demonstrated in several examples.
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1 Introduction

Two-phase flow problems are generally solved by two types of methods,
interface-tracking algorithms or interface-capturing algorithms. Interface
tracking methods use a deforming mesh or grid which conforms to the in-
terface or tracks the interface in some other explicit manner. Examples
are arbitrary Eulerian-Lagrangian (ALE) methods [15] and deforming space-
time finite element formulations [34, 35]. In interface-capturing methods,
an auxiliary function is defined on a fixed grid that describes the interface.
Some examples of interface-capturing methods are volume of fluid meth-
ods (VOF) [19, 14], level set methods [20, 28] and marker and cell methods
(MAC) [13].

The method described in this paper is an interface tracking method that
shares many of the advantages of interface capturing methods: a fixed mesh is
used, but we employ an enriched basis that includes the discontinuities at the
interface. By embedding the interface jump conditions in the finite element
basis, the accuracy of typical interface tracking methods is retained while
remeshing is avoided. Remeshing can be quite expensive and can fail when
the interface topology is significantly altered, as when phases join together
or separate.

The methodology is called the extended finite element method (XFEM).
The extended finite element method was first introduced by Belytschko and
Black [2] and Moés et al. [18]. A general description of the method for mod-
eling arbitrary discontinuities in a function and/or its derivatives is given by
Belytschko et al. [4]. The idea for modeling discontinuities in derivatives used
here originates from Krongauz and Belytschko [16], who developed it in the
context of meshless methods. The extended finite element method was orig-
inally developed for crack problems but the methodology has been extended
to several other problem classes. Sukumar et al. [29] introduced a combined
level set and discontinuous XFEM to solve elastic problems involving holes
and inclusions. Wagner et al. [37] solve problems involving particulate Stokes
flow. Chessa et al. [6], Dolbow and Merle [10] and Renaud and Dolbow [25]
applied XFEM to solidification problems.

We employ the level set method to track the interface, Osher and Sethian |20,
28]. The level set method is similar to pseudo-concentration methods [9, 36];
it describes the location of the interface by a signed scalar distance function,
generally detonated as ¢(x,t) on the computational domain. The interface
position is the set of points at which the level set field vanishes.
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The extended finite element method couples naturally with the level set
method. In the method proposed in this paper the enriched basis is con-
structed directly in terms of the level set ¢(x,t). Since ¢(x,t) is approx-
imated by the same finite element mesh, the location of the discontinuity
is expressed entirely in terms of nodal values of ¢. Thus, as will be seen,
the structure of the discontinuity and its approximation of the discontinuous
field are expressed entirely in terms of nodal values of the velocity and level
set function.

We extend the level set methods presented by Peng et al. [21] to finite element
meshes to track the phase interface. The formulation by finite elements
enhances the versatility of the method; it is applicable to problems that
would be difficult to solve on a structured grid, i.e. problems that require
local mesh refinement or problems involving complicated geometries and/or
boundaries.

Finite element formulations of level set methods were first discussed by Barth
and Sethian [1] with respect to triangulated domains. Since then several
papers have used the level set method in a finite element context; Rao et
al. [24], Chessa et al. [6] and Quecedo and Pastor [22]. However, level
set methods are more commonly seen in finite difference schemes. This is
probably due to the fact that finite difference methods are more widely used
in solving the conservation law equations that are used to update the level
set. Furthermore, some level set techniques rely on structured grids, i.e. fast
marching methods. However, level set techniques are also very robust in
finite element schemes. For example, Peng et al. [21] present an efficient
PDE based method for updating the level set field in a region about the
interface. They use finite difference schemes that are directly applicable to
unstructured grids with no significant increase in cost or complexity.

The level set method has been used by Sussman et al. [30, 31, 32, 33] to
solve two-phase incompressible flow problems with finite difference methods.
Fedkiw et al. [5, 23] have used level sets in conjunction with ghost fluid
methods to solve compressible-compressible and compressible-incompressible
two-phase flows using finite difference schemes.

The outline of this paper is as follows; in Section 2 the governing equations
are presented. In Section 3 we present the discontinuous finite element ap-
proximation for the velocity field. The finite element formulations for the
level set update and the Navier-Stokes equations are presented in Sections 4
and 5 respectively. In Section 6 presents examples illustrating the accuracy
and application of these methods.



2 Governing Equations

In this paper we consider isothermal incompressible two-phase flow which is
described by the following equations for both phases

p(%—?Jr e-(u®u) - f)— Vo = 0 (1)

Vau = 0 2)

where u is the velocity field, p is the fluid density, p is the hydrostatic pres-
sure, f is an applied body force and o is the Cauchy stress which is decom-
posed into the deviatoric stress 7, and the hydrostatic pressure as follows

o=1—pl (3)

For a Newtonian fluid the deviatoric stress 7 is given by

T =2uD (4)
with the rate of deformation tensor D defined as
D:%<eu+u€> (5)
Substituting (2-2) into (1), we obtain
ou 2 - =, 2
p(a—l— V-(u® u)>+ Vp=V-(u Vu)+ f (6)

These equations hold over a domain €2 which is shown in Figure 1. The
domain €2 is partitioned into €2y, Qowhere 2; and €25 are regions composed
of fluids 1 and 2 respectively, and I';,,; is the interface between the two fluids.
We assume that both phases are homogeneous and therefore the material
properties are constant in €; and € but since we solve (6) and (2) on 2 we
consider p and p to be functions of position and time due to the motion of
the interface. The closure of €2, 9L is partitioned into I';, and 'y which are
the boundaries where velocity and traction conditions are specified as follows

u(xz,t) = u Vexel, (7)
t

n-o(x,t) = Ve e Iy (8)

We split the traction boundary condition into its normal and deviatoric com-
ponents

p(x,t) = p Vx el (9)
n-t(x,t) = t, Veel, (10)
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Figure 1: Problem domain

The vector m is an outward unit normal to 2. Assuming negligible surface
tension, no-slip and immiscible flow, the stress and velocity fields must satisfy
the following conditions across the interface:

[Pine - 0] = 0 (11)
[u] = 0 (12)

Where n,;,,; is an outward unit normal from ;. To track the fluid interface
we define a level set field ¢(x,t) on € such that it conforms to the following
sign convention.
>0 Ve
Oz, 1) =0 Ve el (13)
<0 Vax e

Using this convention we can define the material properties on the entire
domain as a function of ¢

m@:{g;zESVweQ (14)
uo)={ 1 020 veen (15
p(@) = p2+H(P)(p1 — p2) V€ (16)
(@) = p2 +H(P) (11 — p2) Ve €Q (17)
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where H(-) is the Heaviside function. Furthermore, we define a signed dis-
tance function d(x,t) as

d(z,t) = min [z —z|sign(nm. - (€ - z)) (18)

wnt

and we require that initially
ot = 0) = d(@,t = 0) (19)
Since the fluids are immiscible we prohibit flow across the interface i.e.

0

50X 1) =0 VX €T, (20)
where X denotes the position of a point that remains on the interface. Ex-
pressing this condition in terms of spacial coordinates, we arrive at the stan-
dard level set evolution equation

8¢ =

This equation is used to update the level set and consequently update the
interface location.

3 Enriched Finite Element with Interior
Discontinuous Gradient

The domain of the problem, €2 is subdivided into elements €2, associated with
a set of nodes &y, I = 1 to n. The interpolation function (shape function)
associated with node I is denoted by N;(x) and the set of all nodes by N.
Recall that the support of N;(x), which is the area over which it is nonzero, is
limited to the elements connected to the node I, i.e. the support is compact.
The support of a typical node I is shown in Figure 2. Since we are dealing
with a second order partial differential equations (6), we choose the shape
functions to be piecewise continuously differentiable, i.e. C°(£2).

The extended finite element approximation is constructed in terms of the
level set function defined by (19) and the shape functions /N;. In constructing
the approximation, we distinguish the nodes whose support is intersected by
the interface I';,; from all others; this set of nodes is denoted by MN.urich.

6



Figure 2 illustrates which nodes are enriched for a typical example. The
enriched approximation is given by

u'(z,t) = > Ni(x)U(t) +

IeN

> Ny(@)(|0" (@, 1) — 6" (s, 1)) A, () (22)

JENenrzch

where U/(t) are the nodal parameters for the standard finite element ap-
proximation and A;(t) are additional nodal parameters at the enriched node
J. For convenience, we also write the above as

=Y Ni@Ust) + 3 Ny™(@.0A,(t)  (23)
IeN JENenrich
where
Nomich(g t) = Ny(x)V(x,t) (24)
Uy(z,t) = |¢"(a,t)| - |¢"(xs,1)] (25)

The second term in (25) is not essential but yields the desirable property
that u"(x;,t) = Us(t).

N/ N/ N/

v" Support for node | ‘
RaR fﬁ‘,‘g
T
A 4!

Figure 2: A typical finite element mesh with interface I';,; showing the sup-
port of a generic node I and the enriched nodes




We next examine the character of this approximation around the interface
[ine. Taking the gradient of (22) we obtain

Vu' = Y U0 VN + X Ay(t) @ ( VNU, + N, V) (26)
IeN JENenrich

We next note that
VU, =sign(¢) Vo = sign(¢)nm (27)

where sign(-) is the sign of the number function and second equality follows

from the fact that ¢ is distance function and therefore | V| = 1, see (18-19).
Substituting (27) into (26) gives

Vu' =3 Ut)2 VN + > As(t) ® ( VN, + Nysign(¢)min) (28)
IEN JeNenrich

Therefore the jump in u”(x,t) across the interface is given by

—

[[V’U,h]] =2 Z NJAJ & My ON Fint (29)
JENenrich
and N
[Vu" nu] =2 > NjA;onTyy (30)
JENenm’ch

The magnitude of the jump depends on A;(t) and varies smoothly along the
interface as can be seen from (30) since its spacial character results from
the projection of the C° shape functions onto the interface. Note, that as

with all piecewise continuous finite element approximations, [Vu] # 0 on
the element edges, see [3].

The enrichment functions for a linear two-node element in one dimension are
illustrated in Figure 3. Each enrichment function is a product of the shape
function Ny, and the corresponding enrichment function W(x,t). Note that
the enriched shape functions vanish at the nodes. The enrichment functions
for a 3-node linear triangle are shown in Figure 4. As can be seen, each
enrichment function vanishes along two of the edges. On the third edge a
kink, similar to that what appears in the one-dimensional element, can be
seen.

The character of this enrichment is of two types. The first type is within the
elements cut by the interface; here all nodes are enriched and the enrichment
is a partition of unity [17], so the enrichment function V(x,t) is reproduced
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Figure 3: Example of an enriched finite element shape function in R*

Figure 4: Enriched finite element shape function for a 3 node linear triangular

element



exactly. The second type is within the elements adjacent to the fully enriched
elements; here not all of the elements nodes are enriched. In these partially
enriched elements the enrichment provides a blending so that the enrichment
vanishes at the edge of the support of the bisected nodes. Figure 5 illustrates
which elements are of the first and second types as well as those that are not
enriched. The enrichment is local and the resulting system matrices are
sparse.

The enrichment modifies the velocity field only in the elements crossed by
the interface and in the adjacent elements that share the enriched nodes, see
Figure 5. In other words, only the elements that lie entirely within the sup-
ports of shape functions cut by the interface are affected by the enrichment.

unenriched elements

partialy enriched elements

fully enriched elements

ri nt

A

Figure 5: Enrichment for a typical finite element mesh, showing elements
that are fully enriched, partially enriched and unenriched. Also illustrated is
the boundary where the enrichment vanishes

The additional degrees of freedom A; can be handled by adding nodes to
the element or increasing the number of degrees of freedom for the enriched
nodes. In either case, the modifications required in a standard finite element
code are minimal.
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4 Level Set Formulation

The level set function that tracks the interface is approximated by the same
mesh and shape functions that are used for the velocity and pressure fields.
However, no enrichment is needed for the level set function since it is contin-
uously differentiable across the interface. Thus the level set approximation
is given by

(@, t) = Y Ni(@)ér(t) (31)

IeN

where ¢;(t) = ¢(x,t) are the nodal values of the level set. We follow the level
set update method outlined in Peng et al. [21]. In this form Equation (21)
is modified as follows

(Zf + c(¢) u- Vo =0 (32)
where ¢(¢) is a cut-off function that is defined by
1 if |¢| <9
c(¢) = (ol =7)*(2lél +7—30)/(y—0) ifd<|g] <7 (33)
0 if [¢] >~

where ¢ is the cut-off distance from the interface and  is transition distance.
A characteristic method is used to stabilize the non self-adjoint term [39].
This, in conjunction with a forward Euler temporal discretization, yields the
following update equation

At =

ot =ty Vo - 5 V(oo w o) G

t=t™

where the superscript indicates the time step number and At is the time
step. Using the standard Galerkin procedure i.e. the test and trial functions,
¢"(x,t) and ¥"(x) are in the same finite element function space V}, we get
the following variational form of the update equation

n+1 n _ . -
et —onav = —at [ ve@yu Vodv
At

3

/ Vo - (E(d)u @ u)- VédV (35)
Q

Because the hyperbolic nature of (21), a nonlinear viscous shock capturing
operator Bg.(¢) is added, see Hansbo [12]. This minimizes the oscillations
that may occur at discontinuities in curvature on the front. This operator is
given by

Bou(9) = | vel0)( V4 Vo) av (36)

11



where v, is a nonlinear viscosity defined as

122 + u- Vg

VSC(¢) = heasc =
|lu- Vo| + he

(37)

0sc 18 a parameter used to control the degree of added viscosity (typically
0sc ~ 0.1) and h¢ is a measure of element e. The following variational
formulation is used to update the level set field

n+1 n _ _én
| (et = ¢ dv = —At [ ve(ou- Vo' av
At?

7

/Q V- (E()u © ) V' dV + /Q Voo Vb V™ AV (38)

Because of the cut-off function, only the level set in the region |p| < §
needs to be updated in time. This significantly minimizes the computational
overhead.

For some velocity fields ¢ may deviate significantly from a signed distance
function after even a few time steps. This may cause high gradients in ¢ near
the interface and introduce significant error in the interface position. These
errors cause a loss of conservation of the phase volumes. This has often been
cited as a shortcoming of the level set method and many interface-capturing
methods [27, 26]. Extensional velocity fields and reinitialization are used to
circumvent these difficulties [28, 8, 31, 32].

5 Navier-Stokes Formulation

We solve the Navier-Stokes equations by a characteristic based split (CBS)
algorithm based on the projection method of Chorin [7] as described in
Zienkiewicz and Codina [38] and Zienkiewicz and Taylor [39]. In this method
an auxiliary velocity field 4* is introduced to uncouple the momentum and
continuity equations; a characteristic method is used to stabilize the non
self-adjoint operators in (6). The CBS formulation of (6) can be written as
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At =
u' —u" = [ (pu@u)+ VT —pf
_l’_

%(u 9)( V- (puc u) +pf>1 (39)

t=t™

The final velocity field is ‘corrected’ by the pressure increment so that is

divergence free
n+1 * At - n+1
u" —ut=—Vp (40)
p

By taking the divergence of (40) and recalling that the velocity at time ¢!

must be divergence free (i.e. Equation 2) we arrive at the following Poisson
equation for the pressure

INAVE ze-(pu*) (41)

Applying the standard Galerkin procedure on (39) for the fractional velocity
field u* we get the following

. n At =
/QW'(u —u)dV—;l—/ﬂW-V(/)u@)u)dV

_/Q(Gpv):q-d\mr FtW‘<"'T)dS_/QW'(pf)dV

At

~ 5/ (42)

( e(u® W)) : (G(pu ®u) +pf) dV}

t=t"
where W is a test function. Similarly, the weak form for (41) is obtained by
multiplying by the pressure test function V.

JEEN JEEN 1 RN
/ VV. VLAY = —( V V(M — ") - ndS
Q At \ Jr,

Ty

/QGV-(pu yav — [ Vip ndS)( 3)

To eliminate the boundary pressure terms we use (40) and require that
u on ['y yielding

N N 1 N
. n+1 - . * o AW
/QVV vt dy At(/ﬂvv (pu*) dV / V(pu) nds> (44)

u

and for the velocity correction equation (41)

/W-(pu”“)dvz/ W-(pu*)dV+At/ W.Vptiday (45)
Q Q Q
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For the derivation of the finite element equations it is convenient to write the
enriched approximation as

u(z,t) = N(z, 9)U(t) (46)

where
N(z,¢) = [Nl, Ny ... N,, Ny, Notby ... Nne%e} (47)
Ot = [Un Uy ... U A, Ay ... A, ] (48)

The finite element approximations are

W = N'''w (49)
u" = N"U" (50)
u* = NHU* (51)
V = NV (52)
p" = Np" (53)

where the superscript n on N” indicates that enriched shape functions are
a function of ¢"(x,t) (due to the moving enrichment). Substituting (50-53)
into Equations (42-45) we obtain the following finite element equations

) _ i} At .
M*U* = MU" — At [CU” +KU" — " — =~ (KUU" + f§>1(54)

AtK,p"' = G,U"-f, (55)
Ut = U - AtM'GTp"t! (56)
where

M* — /Q (N7 )" N™ 4V (57)

M — /Q (N1 Nt gy (58)

C = [ (N")T(V(puN"))dv (59)

K = /Q (B"“)TM"(IO—gmmT)B”dv (60)

K, = 5 [ (V7@ N 0 (97 @ N) dv (61)
- /Q N g dV + /F N+, ds (62)

K, = /Q (VN)T VN dV (63)
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G, = / (VN™)Tp"N" dV (64)
0
£f, = At| N'n-[pu" +a(pu"t —pu” — At Vp"tH)]dS (65)
Tt

G = /Q (VNN aV (66)

In the above B is the gradient matrix defined as

B" = [Bf By - B (67)
B
Bf = | 0o SF (68)
ONT  ONP
L Oxs ox1
2
I, = 2 (69)
_ |
m=[110] (70)
(71)

It should be noted that when evaluating the gradient of the enriched shape
functions N the chain rule must be employed due to the spacial dependence
of the level set field ¢, so

VN; =VNppr + Ny Vi, (72)

The update of the fluid/level set combination is as follows; given u”, p" and
@™ we first explicitly update the level set as described in section 4 to obtain
d(x, ") then solve (54) for u* then (55) for p"™! and finally (5) for u™*!.

It should be noted that when evaluating these discontinuous finite element
matrices and vectors that a quadrature rule must be used that will correctly
integrate over elements where the discontinuity exists. Quadrature rules for
these enriched methods are described in Chessa et al. [6] Moés et al. [18]
and Sukumar et al. [29].
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6 Example Problems

6.1 Interstitial fluid in a “Jogged” Channel

Consider the problem of a interstitial fluid flowing through a “ogged” channel
as shown in Figure 6 at the initial time ¢ = 0. The mesh is completely
unstructured, as can be seen from Figure 6. An inlet velocity is prescribed
at the left hand side, no slip boundary conditions are prescribed on the
channel walls and a constant pressure condition is set on the right edge. The
fluid is initially at rest and is slowly ramped up to a steady state value of
1.0. The steady state velocity field and interfaces are shown at several time

Figure 6: Initial configuration of interstitial fluid problem

steps in Figure 7. Note that the interface remains quite smooth, except for
some kinking in the upper left hand corner in the final time step.

6.2 Bubble Rising to a Free Surface

Next we consider the problem of an immersed droplet of a secondary phase
rising in a denser primary phase toward a free-surface as shown in Figure 8.
Slip boundary conditions are given on the sides and the bottom edges and a
constant pressure is prescribed at the top edge of the computational domain.
The Reynolds number inside the bubble is 320 and for the surrounding fluid is
465. The results are qualitatively similar to the exact solution for a spherical
droplet in an infinite media as given by Hadamard [11]. The interface is
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Figure 7: Phase interface at several time steps for interstitial fluid problem
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Vyx= 0.0

Vy= 0.0

Figure 8: Rising bubble problem
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shown for several time steps in Figure 9.

It should be noted that the level set method has no difficulty handling the
large deformation of the interface and drastic topological changes associated
with evolution of the bubble.

7 Conclusions

A method has been presented for modeling the evolution of discontinuous gra-
dients in finite element methods. This method has been applied to two-phase
flow problems in conjunction with the level set method to track phase inter-
faces. The method we employ to introduce the discontinuity in the gradient
of the element basis thru a partition of unity. It can accurately resolve dis-
continuities in the velocity gradient at the interface without remeshing, even
for materials with significantly differing viscosities. It is capable of handling
highly deformed interfaces and interfaces where the topology significantly
changes in a consistent and straight-forward manner.

The evolution of the interface in time is tracked by a level set method. A
finite element formulation has been developed for the level set method. The
finite element formulation allows the level set method to easily be applied
to problems where mesh refinement is needed and problems with complex
geometries and/or boundaries where a structured grid would be difficult.
In contrast to methods such as VOF, the level set method has an explicit
representation of the interface, and in contrast to methods involving indicator
functions the level set method varies smoothly over the interface.

Both the strength of the discontinuity and its location are described by nodal
values. The location is described by the nodal values of the level set ¢;, the
strength of the discontinuity by the magnitude of the enrichment A;. This
eliminates a need for geometric construction of the interface, so the extension
to three dimensions can be readily accomplished.
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Figure 9: Phase interface for several time steps for rising bubble problem
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